Mean-Field limit of the Bose-Hubbard model in high dimension
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M()tivati()n Bose-Hubbard hamiltonian of parameters J, u, U € R:
O(2d|A])
Study: large system of quantum bosons T r—M
Usually |3|: many-body N — oo mean field: Hq = 9 A ay—l— (J = u ;N T ZAN —1)
N X,YE TE TE
1 T~y
Hy = —A;) + — w(X; — X acting on L? Rd, C)®+N | .
ZZ;( ) N 1<i§<N ( 2 ( ) Dynamics for v4 € L* (R, S* (£2(C)®IA)):.
Statistical description of the interaction for a mean particle ¢ € L*(R?) : 10ya(t) = | Hg, va(t)] (B-H)
2
Miarree = —A + [l * w First reduced one-lattice-site density matrix:
Bose-Hubbard model: interacting bosons on a lattice (1)
V= Al Z T2y (7a)

e Great success in physics: rel

Mott-insulator \ Superfluid phase transition, experimental observation |2|
& theoretical description of the mean field theory |1} Mean field the()ry

o Mean field justified when d — oo and effective in d = 3 Mean field hamiltonian for ¢ € £2(C):

e Simple mathematical description

Goals:

e Mean field limit as d — o0 of the dynamics and the ground state energy

h? = —J(oz_@a + ozgpaT — \a¢\2) + (J — N + gf\/(/\/ — 1)

e Describe a phase transition with the order parameter

= (plap)

Phase transition: decompose

P = ZAn|n>

e Strong and local particle interactions

Bose-Hubbard model

Lattice: A := (Z/LZ)" with d,L € N such that d, L > 2 of volume

neN
A = — ay = > V1 A
One-lattice-site Hilbert space: £°(C) of canonical basis neN
n) = (0 0, 1 ,0,...), neN o Mott Insulator (MI): i, = 0
>t 7\ I, > ) |
nhindex o Superfluid (SF): a,, > 0
2" quantization: creation and annihilation operators: Dynamics:
al0) =0, VneN’, aln):=+/n|n—1), For v € L™ (R+,€2(C)),
ine N, a'[n) = vn+1n+1) iokp(t) = h*Wp(t)  (mf)
| @@’} = T (CCR) Corresponding projection
Particle number: A = a'a
Fock space: ZQ(C)®|A’ ~ F, (LQ(A C)) . @LQ(A C)®-n Phase diagram obtained |1| by minimizing P, = @) (¢
neN p = (p|h7p)

Results

1 Theorem: S.Farhat D.P S.Petrat 2025

Dynamics [4]|: Assume Ground state (WIP): If J, u,U = 0, then for d large enough,
e v, solves (B-H) with v4(0) € S* (ZQ(C)@)'A') such that Tr (v4(0)) =1 In(d)? (gl Hthg) ’
R
e © solves (mf) with ¢(0) € £%(C) such that ||pl,, = 1 d = wdeglz?é)m A wegz(c) (plh%p) < 0
lvball=1 ll|=1

e dcy, ¢y > 0 such that Vn e N,
T (pp(0)yer) < cie 5, Tr (10w ) < e
Then 3 C == C (J, ¢y, 09, Tt (pgp(())/\/‘)) > () such that V¢t € R,

L<C (||v§£><o> ~p,(0)

=0 (é)7 then Vi e R,

Ct
eCte In(d)

1
S dy /m(d))

|
140 = pa(t)]
Convergence of the order parameter: Use a < N + 1 and insert a N -cut-off:

1r (%(ll)a) — Ir (psoa) < (%(11) — p¢> a = || (%(il) — pw) a (N T 1)_1 (N + 1)|

[$7@) = po()

C
< 6C’te "/ In(d)—=In(d) _ 0
Sl d— 0

it [|4"(0) - po(0)

Sl

Sl
< | (W —pe) aW A )T W D twvan| || (38— pp) 2N DTN D) s
54 gl <1 g1
< M|y = ||+ T (3P OV + D) + Tr (0N + D)

—(0 when M —o0 since the particle numbers are conserved
: 1
Any choice of M » 1 such that M ||fyc(l ) Do

(1)
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< 1 as d — oo is sufficient to prove that
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